Full configuration interaction calculations demonstrate the existence of mixed correlation phases in truly three-dimensional elongated nanocrystals subject to inhomogeneous spatial confining potentials. In such phases, the electron density behaves like a Fermi liquid in some regions, while, simultaneously, other more dilute regions display the typical quasi-classical Wigner distribution. The present results confirm and strengthen previous local spin-density functional theory predictions [Ballester et al., Phys. Rev. B 82, 115405 (2010)]. Additionally, simulation of the in-plane and z-polarized modes of the absorption spectra reveals the different correlation regimes occurring in these systems.
I. INTRODUCTION
Semiconductor quantum dots (QD) have been an active field of research in chemistry, materials science, and solid state physics over the last decades. 1 The interest of these structures arises from their atomic-like behavior, i.e., discrete energy spectrum and finite number of confined carriers, along with the possibility of tuning their behavior artificially by changing the dimensions and the composition of the dots. This flexibility has made it possible to investigate systems with atomic-like response in physical regimes, which are unattainable for natural atoms. The gain in basic science this has brought about has allowed researchers to envisage new technological devices, which were inconceivable a few years ago. The practical development of these devices, in turn, has opened new theoretical and experimental challenges.
Dependence of nanocrystal properties on size and shape has been investigated, thanks to successful control of growth during experimental synthesis. 2 In particular, colloidal elongated quantum dots are of theoretical interest due to their anisotropic spatial confinement. These nanosystems represent the transition from spherical to rod-like shape with a preferential growth direction. The relaxation of the spatial confinement along the longitudinal direction leads to a weak confinement regime, in which the electronic correlations may play an important role. As a consequence, anisotropic shape confers different properties to nanorods as compared to their spherical counterpart. Thus, depending on the dimensions of nanorods, the band gap 3 and the optical properties 4 are modified. In addition to size and shape, heterogeneous composition introduces new structural effects. Nowadays, mixedsemiconductor heterostructures are synthesized 5 with precise shapes. In particular, CdSe/CdTe heterojunctions yield structures composed of a nanorod sandwiched between two spherical caps. This structure is referred to as nanobarbell or nanodumbbell (ND) 6 and presents an inhomogeneous confining potential and promising technological applications. 7 Among the exotic physical regimes difficult to attain in natural atoms but straightforwardly reachable in artificial heterostructures, we may mention the Wigner crystal. In 1934 Wigner predicted that, below a critical electron density, the electron gas crystallizes and forms a lattice of electrons arranged in precise classical configurations. 8 This is due to the fact that the kinetic energy becomes negligible relative to the Coulomb energy so that correlations dominate the electronic structure. Many classical electron configurations in artificial structures have been reported up to date (see, e.g., Refs. 9 and 10). In contrast, crystallization processes in the presence of highly inhomogeneous potentials seem to have attracted much less attention. [11] [12] [13] In a recent paper, 14 local spin-density functional theory (LSDFT) calculations demonstrated the existence of mixed phases (MPs) in CdSe/CdTe/CdSe NDs, driven by the inhomogeneous spatial confining potentials. In a MP the electron density behaves like a standard Fermi liquid in some regions while, simultaneously, other more dilute regions display the profile of a typical Wigner crystal.
In this article, we carry out full configuration interaction (FCI) calculations of the ground and lowest-lying excited states of many electrons confined in a CdSe/CdTe/CdSe ND. We identify the formation of MPs in the ground states, thus confirming and reinforcing the previous results obtained at the LSDFT level. Additionally, we carry out the simulations of absorption spectra to find out fingerprints and thus probe the different correlation regimes occurring in the MPs of these systems.
II. THEORY AND MODELS
We study MPs in CdSe/CdTe/CdSe NDs. The ND model is built by attaching two R ¼ 2:2 nm radius spherical CdSe caps to the tips of a CdTe cylinder of radius R ¼ 2 nm and length L ¼ 55 nm, as depicted in Fig. 1 . We have previously studied this system at the LSDFT level and found the existence of MPs in the system. 14 A twofold reason leads us to choose the employed materials. On the one hand, they are materials used nowadays in many syntheses of elongated nanocrystals, 5, 6, 15 and, on the other hand, they have a rather large band offset but very similar effective masses and dielectric constants, so that no relevant effects coming from effective mass and/or dielectric constant inhomogeneities will mask those coming from an inhomogeneous confining potential derived from the band offset. The isotropic and uniform electron effective mass, m Ã ¼ 0:13, and dielectric constant, ¼ 9:2, employed in our models are those of bulk material. 16 We assume the 0.42 eV CdSe/CdTe conduction band offset 17 as the confining barrier height between these materials, and set the origin of energies at the bottom of the CdTe conduction band. Since no specific QD environment is determined, we assume a typical 4 eV confining QDenvironment barrier (see Fig. 1 ).
The Hamiltonian (in a.u.) of an electron confined in this ND reads as follows:
with V c i standing for the spatial confining potential (see Fig.  1(b) ). Therefore, the many-electron Hamiltonian for the system resultsĤ
where N is the number of electrons. The many-electron Hamiltonian equation (2) is solved variationally by means of a FCI approach. To this end, we employ the CI code available at the address given in Ref. 18 . In order to carry out the FCI calculation, one first has to select a given finite M-dimensional one-electron basis set
and then build all possible N-body Slater determinants U i ¼ detf/ 1 / 2 …/ N g out of them. In a second step, the projection of Hamiltonian (2) onto the basis set of Slater determinants is carried out, yielding matrix elements hU i jĤjU j i (one may eventually select a subset of spin-and symmetry-adapted configurations, thus yielding smaller matrices to diagonalize). The last step is the diagonalization. For practical purposes, the one-electron basis set is generally taken orthogonal. Our orbital choice is the set of singleparticle (SP) states, i.e., the eigenfunctions of the oneelectron Hamiltonian (1), which we compute by first integratingĥ i using a finite differences scheme, and then diagonalizing the resulting matrices with the implicitly restarted Arnoldi iterative method. 19 Since we must select a finite basis set, the natural choice is the M lowest-energy eigenvectors. Actually, in our system the lowest-energy part of the single-electron spectrum has a null (l z ¼ 0) z-component of the angular momentum, i.e., many s (l z ¼ 0) SP states lie energetically below the first p (l z ¼ 61), and higher angular momentum states are much more excited. Then, we employ a 2 À n À 2 basis set in the FCI calculations, i.e., a basis set including the n lowest-lying s and the lowest-lying degenerate pair of p orbitals (both p þ1 and p À1 orbital pairs), these orbitals making, in all studied cases, a negligible contribution to the ground and lowest-lying excited states. In practice, we have checked that, in order to describe the low-lying energy part of the many-electron system, setting n ¼ 10 is more than enough (e.g., the results for the 4-electron system-both the energy and the relevant components of the low-lying eigenvectors-are almost identical employing either n ¼ 10 or n ¼ 14 s orbitals). With the eigenvectors obtained, we also simulate the low-lying part of the absorption spectrum. To this end, we calculate, within the dipole approximation, the 0 ! K charge transition probability from the ground state W 0 to the state W K (both of them expressed as linear combinations of the many-electron basis set of Slater determinants fU i g). These transitions, related to the density dipole modes, preserve the spin of the system, and the corresponding transition probability is given by
where k is the polarization vector of the incident electromagnetic radiation. We also simulate the spin transition probability (spin dipole modes, implying spin changes). The corresponding transition probability reads
where g r ¼ þ1ðÀ1Þ for r ¼" ð#Þ and, as above, k defines polarization. For both, density and spin dipole modes, we consider in-plane (k ?ẑ) and z (k kẑ) polarizations. The inplane polarization transition changes the z-component of the total angular momentum (DL z ¼ 61), while z-polarization preserves it (DL z ¼ 0). Our simulations assume a low temperature of the system (T ¼ 1 K, i.e., 0.1 meV approximately). We assume the Boltzmann thermal distribution p i ðTÞ ¼
e ÀDE i =k B T for the initial-state occupation at temperature T, with g i ðg 0 Þ as the degeneracy factor of the state W i (ground state), DE i the energy difference between W i and the ground state, and k B the Boltzmann constant. We then use an intermediate normalization, i.e., the ground-state occupation is always set to one.
III. RESULTS AND DISCUSSION
We first study the electronic structure of the ground state of CdSe/CdTe/CdSe NDs whose geometry, material parameters, and confining potential are described in Sec. II. The z profiles of the lowest-lying orbitals are represented in Fig. 2 . Such profiles are obtained by integrating the in-plane coordinates of the corresponding orbital. From this figure one can see that the two lowest-lying orbitals, that are quasidegenerate, are mostly localized within the two spheres of the ND, while the more excited orbitals expand their density in the central cylinder, with a negligible density in the spheres. The preferential localization of the density along the ND can be rationalized from the orbital energies. Thus, while the energy eðs 1 Þ % eðs 2 Þ is 0.489 eV, close to the barrier height (0.42 eV), the energy eðs 3 Þ¼ 0.737 eV is already much higher and, since orbitals must be orthogonal, the localization of s 1 and s 2 in the spheres pushes the rest of orbitals towards the long central cylinder, their orbital energies being close (eðs 4 
Then, the contribution of the Slater determinants that include these p orbitals to the ground and low-lying many-electron states is foreseeably negligible, as the calculations confirm.
Next, we calculate the ground state of the ND populated with N ¼4, 6, and 8 electrons by means of the FCI methodology. Several 2 À n À 2 basis sets are employed, and the results indicate that a 2-10-2 basis set already saturates the required Hilbert space.
In the N ¼ 4 case, the dominant configuration is s with a weight larger than 99% (99.6% with the 2-10-2 basis and 99.5% with the 2-14-2 basis). This means that electronic correlation is small and that our system is in the so-called strong confinement regime, as corresponds to the electrons within the spheres. The z-profile of the total density and spin-up density (same as spin-down one) is represented in Fig. 3(a) . It shows two strong maxima, one in each spherical cap, and a negligible density in the central cylinder, just a small penetration tail into the cylinder barrier. The integration of the density in each cap amounts to nearly 2, as corresponds to two electrons in each cap. The lack of fine details modulating the profile of the two density peaks denotes the low level of correlation between the electrons populating each cap. 14 We may refer to this configuration as a Fermi liquid phase, i.e., a system of weakly interacting particles where the kinetic energy dominates over the Coulomb repulsion.
We next increase the number of electrons in the ND up to N ¼ 6. In this case, the ground state dominant configuration is s with a weight of only 64%. As pointed out above, orbitals s 1 and s 2 are energetically separated from the rest of orbitals, and their electronic densities are concentrated within the spherical caps. On the other hand, s 3 has an orbital energy close to many other orbitals s i ; i > 3; all of them with densities concentrated within the central cylinder (see Fig. 2 ). The closeness of orbital energies of many orbitals s i ; i > 2, explains the relevant contributions to the ground state of many excited configurations s s i s j , where either i > 3 or i and j > 3, and therefore the fact of a high electronic correlation. The z-profile of the total density and spin-up density is represented in Fig. 3(b) . It shows two strong maxima, one in each spherical cap, and additionally a pair of maxima in the central cylinder. The integration of the density in each cap is nearly 2, as corresponds to two electrons in each cap and two electrons in the central cylinder. Thus, while the pair of electrons in each cap displays a density profile with a single maximum (Fermi liquid), the pair in the cylinder displays a twofold maximum, as correspond to a strongly correlated Wigner crystal, i.e., a phase where the Coulomb repulsion dominates. We are thus in front of a phase with a mixed situation, i.e., a MP. In these truly three-dimensional systems, the inhomogeneous confining potential along the z axis leads to the formation of a phase characterized by an uneven electronic-density distribution, in which some regions of the many-electron system behave like a Fermi liquid while, simultaneously, other more dilute regions display the typical quasi-classical Wigner distribution of the charge maxima in the electron-density profile. Due to the relatively long cylinder length, the quantum effects coming from the longitudinal confinement are negligible. Then, electronelectron interactions dominate over the kinetic energy, and a high correlation regime is achieved. In order to minimize the energy of the system, electrons localize in an ordered way, resembling quasi-classical particles along the central cylinder.
Finally, we consider the case with N ¼ 8 electrons. The ground state dominant configuration is now s with a weight of only 58%, which means high correlation regime. However, as in the case of N ¼ 6, we are actually dealing with a MP, as is revealed by the z-density profiles shown in Fig. 3(c) . In this case, the density profile integrates around 4 within the central cylinder and shows four maxima, while integrates around 2 in each cap, where a single maximum is displayed. The overall obtained results confirm and strengthen the previous ones obtained at the LSDFT level. 14 We complete our study with the simulation of some absorption spectra. As stated in Sec. II, our computations assume a temperature T ¼ 1 K, consider in-plane and longitudinal polarizations, and include density and spin dipole modes. For axially symmetric systems, the transition probability equations (3) and (4) lead to the following selection rules: DL z ¼ 61 for in-plane polarization and DL z ¼ 0 for longitudinal or z polarization.
The in-plane polarization transitions are well defined and highly energetic. They are displayed in Fig. 4 for the case of N ¼ 4 and N ¼ 6 electrons. As we can see, the spectra of N ¼ 4 and N ¼ 6 are very similar. In the N ¼ 4 case, it includes a single peak at 538 meV that can be fairly described as a superposition of nearly degenerate s 1 ! p 1 and s 2 ! p 2 SP absorptions. In the N ¼ 6 case, the electron correlation is quite more relevant, and the orbital description is at most qualitative. However, we may say that the strong peak arising at 535 meV [see Fig. 4(b) ] mainly corresponds to s 1 ! p 1 and s 2 ! p 2 SP transitions too (transitions s i>2 ! p 1 or p 2 are almost forbidden due to the negligible orbital overlaps associated). The second peak at 544 meV is weak and can be qualitatively ascribed to a mixture of SP transitions, involving
The reason for the similarity of the in-plane spectra despite the different correlation regimes of the N ¼ 4 and N ¼ 6 systems traces back to the fact that s 1 , s 2 , p 1 , and p 2 orbitals are concentrated in the caps, while s i ; i > 3; orbitals are basically confined within the cylinder. Interestingly, the spin and charge modes are almost degenerate (see Fig. 4 ). It comes from the fact that configurations s 2 p 2 and s 1 p 1 are almost degenerate and that, due to the confinement of the orbitals s 1 , s 2 , p 1 , and p 2 within the caps (see Fig. 1 The z-polarized spectra of N ¼ 6 and 8 electrons in the ND are collected in Fig. 5 . These are the most interesting Conversely, the other systems present a strong density mode at 9 meV (N ¼ 6) and 15 meV (N ¼ 8), and the spin counterpart mode at lower energy. In the N ¼ 6 system this peak corresponds to the transitions s 3 ! s 4 , s 3 ! s 5 , and in the N ¼ 8 case to the transitions like s 4 ! s 5 , s 3 ! s 5 , s 3 ! s 7 . These transitions between s orbitals confined in the cylinder cannot be observed in the case of the N ¼ 4 system because in this case s i ; i > 2; are empty, and the transition from s 1 and s 2 to s i ; i > 2; presents an almost negligible oscillator strength due to the negligible overlap of the regions where s 1 and s 2 on the one hand and s i ; i > 2; on the other hand present relevant electron density. As a result, the z-polarized absorptions observed at low energies for N ¼ 6 and N ¼ 8 can be ascribed to the presence of high correlation phases in the cylinder, the lower the transition energy the closer the involved SP states, and thus the larger the electron-electron correlation. As a whole, the absorption spectrum reveals the signatures of both, Fermi liquid and Wigner crystal phases, turning therefore into a suitable tool to confirm the existence of mixed correlation phases in these systems.
IV. CONCLUSIONS
In the present paper, we carry out FCI calculations of the ground and low-lying states of many electrons confined in a ND. In these many-electron diluted systems subject to inhomogeneous spatial confining potentials, we find out the existence of MPs, i.e., phases in which some regions of the many-electron system behave like a Fermi liquid while, simultaneously, other more dilute regions display the typical quasi-classical Wigner distribution of the electron density. The present results confirm and reinforce previous results obtained at the local spin-density functional theory level. Additionally, we enclose the simulations of absorption spectra, which exhibit in-plane and z-polarized modes that reveal the different correlation regimes occurring in these systems. 
